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LINEAR REGRESSION



POLYNOMIAL REGRESSION

5

hθ x( ) = θ0 +θ1x1 hθ x( ) = θ0 +θ1x1 +θ2x12

hθ x( ) = θ0 +θ1x1 +θ2x12 +θ3x13  hθ x( ) = θ0 +θ1x1 +θ2x12 +…+θ7x1
7



DECISION TREE - REGRESSION



REGRESSION PERFORMANCE

How often ranked 1st Relative Training Time

Boosted 
Trees



CLASSIFIER PERFORMANCE

How often ranked 1st Relative Training Time

Linear 
SVM

SVM

Boosted 
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Clustering



CLUSTERING STRATEGIES
KK--mmeeaannss

• Iteratively re-assign points to the nearest cluster center
AAgggglloommeerraattiivvee  cclluusstteerriinngg

• Start with each point as its own cluster and iteratively merge the 
closest clusters

MMeeaann--sshhiifftt  cclluusstteerriinngg
• Estimate modes of PDF (i.e., the value x at which its probability 

mass function takes its maximum value)

SSppeeccttrraall  cclluusstteerriinngg
• Split the nodes in a graph based on assigned links with similarity 

weights

DDBBSSCCAANN ((DDeennssiittyy--bbaasseedd  ssppaattiiaall  cclluusstteerriinngg  ooff  aapppplliiccaattiioonnss  wwiitthh  nnooiissee))

As we go down this chart, the clustering strategies 
have more tendency to transitively group points 

even if they are not nearby in feature space
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K-MEANS ALGORITHM

Select K random data points {s1, s2,… sK} as centroids cj.
Until clustering converges or other stopping criterion {

For each data point xi:
Assign xi to the closes centroid such that 
dist(xi, cj) is minimal.

For each cluster cj, update the centroids
cj = µ(cj) 

}

SSeevveerraall  ppoossssiibbllee  ssttooppppiinngg  ccrriitteerriioonnss,,  ee..gg..,,

• A fixed number of iterations.
• Partition unchanged.
• Centroid positions don’t change.
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CAN YOU THINK OF AN EXAMPLE FOR WHICH K-MEANS IS NOT A GOOD 
CLUSTERING ALGORITHMS?

15

                  

    

Original Points K-means (2 Clusters)

Non-globular Shapes 



HHooww  ddoo  II  kknnooww  hhooww  ggoooodd  tthhee  cclluusstteerriinngg  iiss??

                  

    

Original Points K-means (3 Clusters)
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IInntteerrnnaall  IInnddeexx::
• Validate without external info
• With different number of 

clusters|

EExxtteerrnnaall  IInnddeexx
Validate against ground truth

Measuring clustering validity

?

??



IINNTTEERRNNAALL  IINNDDEEXXEESS

GGrroouunndd  ttrruutthh  iiss  rraarreellyy  aavvaaiillaabbllee  bbuutt  uunnssuuppeerrvviisseedd  
vvaalliiddaattiioonn  mmuusstt  bbee  ddoonnee..

MMiinniimmiizzeess  ((oorr  mmaaxxiimmiizzeess))  iinntteerrnnaall  iinnddeexx::
• Variances of within cluster and between clusters
• Rate-distortion method
• F-ratio
• Davies-Bouldin index (DBI)
• Bayesian Information Criterion (BIC)
• Silhouette Coefficient
• Minimum description principle (MDL)
• Stochastic complexity (SC)



IIDDEEAA::  MMEEAANN  SSQQUUAARREE  EERRRROORR  ((MMSSEE))
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• TThhee  mmoorree  cclluusstteerrss  tthhee  ssmmaalllleerr  tthhee  MMSSEE..
• SSmmaallll  kknneeee--ppooiinntt  nneeaarr  tthhee  ccoorrrreecctt  vvaalluuee..  
• BBuutt  hhooww  ttoo  ddeetteecctt??



USING SIMILARITY MATRIX FOR CLUSTER 
VALIDATION

OOrrddeerr  tthhee  ssiimmiillaarriittyy  mmaattrriixx  wwiitthh  rreessppeecctt  ttoo  cclluusstteerr  llaabbeellss  
aanndd  iinnssppeecctt  vviissuuaallllyy..  
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DENDROGRAM EXAMPLE

22



HIERARCHICAL  AGGLOMERATIVE 
CLUSTERING METHODS

Generic Agglomerative Procedure (Salton '89):
1. Compute all pairwise document-document similarity 

coefficients
2. Place each of n documents into a class of its own
3. Merge the two most similar clusters into one; 

- replace the two clusters by the new cluster
- recompute intercluster similarity scores w.r.t. the new cluster

4. Repeat the above step until there are only k clusters left 
(note k could = 1).



Group Agglomerative Clustering
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LINKAGE TYPES

25



26

Which linkage type was used for this clustering?
a) Average
b) Complete
c) Single

CLICKER - HTTPS://CLICKER.CSAIL.MIT.EDU/6.S080/
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Which linkage type was used for this clustering?
a) Average
b) Complete
c) Single

CLICKER - HTTPS://CLICKER.CSAIL.MIT.EDU/6.S080/
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e-NEIGHBORHOOD

ee--NNeeiigghhbboorrhhoooodd  –– OObbjjeeccttss  wwiitthhiinn  aa  rraaddiiuuss  ooff  ee ffrroomm  
aann  oobbjjeecctt..

““HHiigghh  ddeennssiittyy””  -- ε--NNeeiigghhbboorrhhoooodd  ooff  aann  oobbjjeecctt  
ccoonnttaaiinnss  aatt  lleeaasstt  MinPts ooff  oobbjjeeccttss..

q p
εε

ε-Neighborhood of p
ε-Neighborhood of q

Density of p is “high” (MinPts = 4)

Density of q is “low” (MinPts = 4)

}),(|{:)( ee £qpdqpN

Slides on DBSCAN partially taking and modified from: 
https://www.cse.buffalo.edu/faculty/azhang/cse601/density-based.ppt



CORE, BORDER & OUTLIER

GGiivveenn  ee aanndd  MMiinnPPttss,,  
ccaatteeggoorriizzee  tthhee  oobbjjeeccttss  
iinnttoo  tthhrreeee  eexxcclluussiivvee  
ggrroouuppss..

e = 1unit, MinPts = 5

Core

Border

Outlier

A point is a core point if it has more 
than a specified number of points 
(MinPts) within Eps These are points 
that are at the interior of a cluster.

A border point has fewer than MinPts
within Eps, but is in the neighborhood 
of a core point..

A noise point (outlier) is any point that 
is not a core point nor a border point.



DENSITY-REACHABILITY
DDeennssiittyy--RReeaacchhaabbllee  ((ddiirreeccttllyy  aanndd  iinnddiirreeccttllyy))::  

• A point p is directly density-reachable from p2;

• p2 is directly density-reachable from p1;

• p1 is directly density-reachable from q;

• pßp2ßp1ßq form a chain.

p

q

p2
p is (indirectly) density-reachable from q

q is not density- reachable from p?p1

MinPts = 7



DBSCAN ALGORITHM

Input: The data set D

Parameter: e, MinPts

For each object p in D
if p is a core object and not processed then 

C = retrieve all objects density-reachable from p 
mark all objects in C as processed
report C as a cluster

else mark p as outlier
end if

End For



DBSCAN ALGORITHM: EXAMPLE

for each o Î D do
if o is not yet classified then  

if o is a core-object then
collect all objects density-reachable from o
and assign them to a new cluster.

else
assign o to NOISE

PPaarraammeetteerr

• e = 2 cm
• MinPts = 3
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DBSCAN ALGORITHM: EXAMPLE

PPaarraammeetteerr

• e = 2 cm
• MinPts = 3

for each o Î D do
if o is not yet classified then  

if o is a core-object then
collect all objects density-reachable from o
and assign them to a new cluster.

else
assign o to NOISE



EXAMPLE

Original Points Point types: core, 
border and outliers

ee = 10, MinPts = 4



WHEN DBSCAN WORKS WELL

Original Points Clusters

• Resistant to Noise

• Can handle clusters of different shapes and sizes



CAN YOU CREATE AN EXAMPLE FOR 
WHICH DBSCAN WILL NOT WORK WELL



WHEN DBSCAN DOES NOT WORK WELL

(MinPts=4, Eps=9.92).

(MinPts=4, Eps=9.75)

• Cannot handle Varying densities

• Sensitive to parameters

OOrriiggiinnaall  PPooiinnttss
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CLUSTERING



OUTLIER DETECTION

Slides on outlier detection based on Tan,Steinbach, Kumar: Introduction to Data Mining



ANOMALY/OUTLIER DETECTION

WWhhaatt  aarree  aannoommaalliieess//oouuttlliieerrss??

• The set of data points that are considerably different than the 
remainder of the data

VVaarriiaannttss  ooff  AAnnoommaallyy//OOuuttlliieerr  DDeetteeccttiioonn  PPrroobblleemmss

• Given a database D, find all the data points xx Î D with anomaly 
scores greater than some threshold t

• Given a database D, find all the data points xx Î D having the 
top-n largest anomaly scores f(xx)

• Given a database D, containing mostly normal (but unlabeled) 
data points, and a test point xx, compute the anomaly score of xx
with respect to D

AApppplliiccaattiioonnss::  
• Credit card fraud detection, telecommunication fraud detection, 

network intrusion detection, fault detection



OUTLIER REMOVAL CAN BE DANGEROUS

OOzzoonnee  DDeepplleettiioonn  HHiissttoorryy

• In 1985 three researchers (Farman, Gardinar
and Shanklin) were puzzled by data 
gathered by the British Antarctic Survey 
showing that ozone levels for Antarctica 
had dropped 10% below normal levels

• Why did the Nimbus 7 satellite, which had 
instruments aboard for recording ozone 
levels, not record similarly low ozone 
concentrations? 

• The ozone concentrations recorded by the 
satellite were so low they were being 
treated as outliers by a computer program 
and discarded!

Sources: 
http://exploringdata.cqu.edu.au/ozone.html
http://www.epa.gov/ozone/science/hole/size.html



ANOMALY DETECTION SCHEMES 

GGeenneerraall  SStteeppss
• Build a profile of the “normal” behavior

• Profile can be patterns or summary statistics for the overall population
• Use the “normal” profile to detect anomalies

• Anomalies are observations whose characteristics
differ significantly from the normal profile

TTyyppeess  ooff  aannoommaallyy  

ddeetteeccttiioonn  sscchheemmeess
• Graphical
• Model-based
• Distance-based
• Clustering-based 



GRAPHICAL APPROACHES

BBooxxpplloott  ((11--DD)),,  SSccaatttteerr  pplloott  ((22--DD)),,  SSppiinn  pplloott  ((33--DD))

LLiimmiittaattiioonnss

• Time consuming
• Subjective



WHISKEY RATING – HOW DO YOU READ THE BOX PLOTS?



UNDERSTANDING BOX PLOTS
mmeeddiiaann  ((QQ22//5500tthh  PPeerrcceennttiillee)): the middle value of the 
dataset.

ffiirrsstt  qquuaarrttiillee  ((QQ11//2255tthh  PPeerrcceennttiillee)): the middle number 
between the smallest number (not the “minimum”) and 
the median of the dataset.

tthhiirrdd  qquuaarrttiillee  ((QQ33//7755tthh  PPeerrcceennttiillee)): the middle value 
between the median and the highest value (not the 
“maximum”) of the dataset.

iinntteerrqquuaarrttiillee  rraannggee  ((IIQQRR)): 25th to the 75th percentile.

oouuttlliieerrss  ((sshhoowwnn  aass  ggrreeeenn  cciirrcclleess))

EEnndd  ooff  wwhhiisskkeerrss  ((sshhoowwnn  iinn  bblluuee))::
• ““mmaaxxiimmuumm””: Q3 + 1.5* IQR  and ““mmiinniimmuumm””: Q1 -1.5* 

IQR (example right) 
• the minimum and maximum of all of the data
• the lowest datum still within 1.5 IQR of the lower 

quartile, and the highest datum still within 1.5 IQR of 
the upper quartile (often called the TTuukkeeyy  bbooxxpplloott)

• one standard deviation above and below the mean of 
the data

• the 9th percentile and the 91st percentile
• the 2nd percentile and the 98th percentile.



STATISTICAL APPROACHES---MODEL-BASED 

AAssssuummee  aa  ppaarraammeettrriicc  mmooddeell  ddeessccrriibbiinngg  tthhee  ddiissttrriibbuuttiioonn  ooff  tthhee  ddaattaa  ((ee..gg..,,  nnoorrmmaall  
ddiissttrriibbuuttiioonn))  

AAppppllyy  aa  ssttaattiissttiiccaall  tteesstt  tthhaatt  ddeeppeennddss  oonn  

• Data distribution
• Parameter of distribution (e.g., mean, variance)
• Number of expected outliers (confidence limit)

CCoommmmoonn  AApppprrooaacchheess::

• Grubbs’ Test (assumes normal distribution)

• Likelihood Approaches / EM-Algorithm

LLiimmiittaattiioonnss:

• Most of the tests are for a single attribute

• In many cases, data distribution/model may not be known

• For high dimensional data, it may be difficult to estimate the true distribution



DISTANCE-BASED APPROACHES
DDaattaa  iiss  rreepprreesseenntteedd  aass  aa  vveeccttoorr  ooff  ffeeaattuurreess

TThhrreeee  mmaajjoorr  aapppprrooaacchheess

• Nearest-neighbor based
• Density based
• Clustering based

AApppprrooaacchh::

• Compute the distance between every pair of data points
• There are various ways to define outliers:

• Data points for which there are fewer than p neighboring points 
within a distance D

• The top n data points whose distance to the kth nearest neighbor 
is greatest

• The top n data points whose average distance to the k nearest 
neighbors is greatest 



CLUSTERING-BASED

Idea: Use a clustering algorithm that has some notion of outliers!

Problem what parameters should I choose for the algorithm; e.g. 
DBSCAN?

Rule of Thumb: Less than x% of the data should be outliers (with x 
typically chosen between 0.1 and 10); x might be determined with 
other methods; e.g. statistical tests. 



DENSITY-BASED

For each point, compute the density of its local neighborhood; 
e.g. use Kmeans, DBSCAN’s approach

Compute local outlier factor (LOF) of a sample p as the average 
of the ratios of the density of sample p and the density of its 
nearest neighbors

Outliers are points with largest LOF value

p2
´

p1
´

Alternative approach: directly use density 
function; e.g. DENCLUE’s density function 



Mining Association Rules in 
Large Databases

Slides partially taken from http://cs-people.bu.edu/evimaria/cs565-10/lect2.pdf



Association rules 

• Given a set of transactions DD, find rules that will predict 
the occurrence of an item (or a set of items) based on the 
occurrences of other items in the transaction

MMaarrkkeett--BBaasskkeett  ttrraannssaaccttiioonnss

TID Items 

1 Bread, Milk 

2 Bread, Diaper, Beer, Eggs 

3 Milk, Diaper, Beer, Coke  
4 Bread, Milk, Diaper, Beer 

5 Bread, Milk, Diaper, Coke  
 

EExxaammpplleess  ooff  aassssoocciiaattiioonn  rruulleess

{Diaper} à {Beer},
{Milk, Bread} à {Diaper,Coke},
{Beer, Bread} à {Milk},



• TTaasskk  11::  Methods for finding all frequent itemsets
efficiently 

• TTaasskk  22::  Methods for finding association rules efficiently



An even simpler concept: frequent 
itemsets

• Given a set of transactions DD, find combination of items 
that occur frequently

MMaarrkkeett--BBaasskkeett  ttrraannssaaccttiioonnss

TID Items 

1 Bread, Milk 

2 Bread, Diaper, Beer, Eggs 

3 Milk, Diaper, Beer, Coke  

4 Bread, Milk, Diaper, Beer 

5 Bread, Milk, Diaper, Coke  

 

EExxaammpplleess  ooff  ffrreeqquueenntt  iitteemmsseettss

{Diaper, Beer},
{Milk, Bread} 
{Beer, Bread, Milk},

Why are frequent itemsets interesting on their own?



Definition: Frequent Itemset
• IItteemmsseett

– A set of one or more items
• E.g.: {Milk, Bread, Diaper}

– k-itemset
• An itemset that contains k items

• SSuuppppoorrtt  ccoouunntt  (ss)
– Frequency of occurrence of an itemset

(number of transactions it appears)
– E.g.   ss({Milk, Bread,Diaper}) = 2 

• SSuuppppoorrtt
– Fraction of the transactions in which 

an itemset appears
– E.g..      s({Milk, Bread, Diaper}) = 2/5

• FFrreeqquueenntt  IItteemmsseett
– An itemset whose support is greater 

than or equal to a mmiinnssuupp threshold

TID Items 

1 Bread, Milk 

2 Bread, Diaper, Beer, Eggs 

3 Milk, Diaper, Beer, Coke  
4 Bread, Milk, Diaper, Beer 

5 Bread, Milk, Diaper, Coke  
 



TID date items_bought
100 10/10/99 {F,A,D,B}
200 15/10/99 {D,A,C,E,B}
300 19/10/99 {C,A,B,E}
400 20/10/99 {B,A,D}

How many frequent itemsets (k>= 2) are there with a min support of 75%?
A) 1

B) 2

C) 3

D) 4

E) 5

F) 6

CLICKER - HTTPS://CLICKER.CSAIL.MIT.EDU/6.S080/



Expensive to Compute!
null

AB AC AD AE BC BD BE CD CE DE

A B C D E

ABC ABD ABE ACD ACE ADE BCD BCE BDE CDE

ABCD ABCE ABDE ACDE BCDE

ABCDE

GGiivveenn  dd iitteemmss,,  tthheerree  aarree  
22dd ppoossssiibbllee    iitteemmsseettss

Can you think of a better algorithm?



Found to be 
Infrequent

null

AB AC AD AE BC BD BE CD CE DE

A B C D E

ABC ABD ABE ACD ACE ADE BCD BCE BDE CDE

ABCD ABCE ABDE ACDE BCDE

ABCDE

Illustrating the Apriori principle

null

AB AC AD AE BC BD BE CD CE DE

A B C D E

ABC ABD ABE ACD ACE ADE BCD BCE BDE CDE

ABCD ABCE ABDE ACDE BCDE

ABCDE
Pruned 
supersets



Reduce the number of candidates

• Apriori principle (Main observation):
– If an itemset is frequent, then all of its subsets must 

also be frequent

• Apriori principle holds due to the following 
property of the support measure:

– The support of an itemset nneevveerr  eexxcceeeeddss the 
support of its subsets

– This is known as the aannttii--mmoonnoottoonnee property of 
support

)()()(:, YsXsYXYX ³ÞÍ"



Exploiting the Apriori principle

1. Find ffrreeqquueenntt  11--iitteemmss  and put them to LLkk (kk==11)
2. Use LLkk to generate a collection of candidate 

itemsets CCkk++11 with size (kk++11)
3. Scan the database to find which itemsets in 

CCkk++11 are frequent and put them into LLkk++11

4. If LLkk++11 is not empty
11.. kk==kk++11
2. Goto step 2

R. Agrawal, R. Srikant: "Fast Algorithms for Mining Association Rules", 
Proc. of the 20th Int'l Conference on Very Large Databases, 1994. 



• TTaasskk  11::  Methods for finding all frequent itemsets
efficiently 

• TTaasskk  22::  Methods for finding association rules efficiently



Definition: Association Rule

EExxaammppllee::

Beer}Diaper,Milk{ ®

4.0
5
2

|T|
)BeerDiaper,,Milk(

===
ss

67.0
3
2

)Diaper,Milk(
)BeerDiaper,Milk,(

===
s

sc

p AAssssoocciiaattiioonn  RRuullee

n An implication expression of the form 
XX  àà YY, where XX and YY are non-
overlapping itemsets

p RRuullee  EEvvaalluuaattiioonn  MMeettrriiccss

n SSuuppppoorrtt  ((ss))
p Fraction of transactions that contain 

both XX and YY

n CCoonnffiiddeennccee  ((cc))
p Measures how often items in YY

appear in transactions that
contain XX

TID Items 

1 Bread, Milk 

2 Bread, Diaper, Beer, Eggs 

3 Milk, Diaper, Beer, Coke  
4 Bread, Milk, Diaper, Beer 

5 Bread, Milk, Diaper, Coke  
 



Rule Measures: Support and Confidence

Find all the rules XX  àà YY  with minimum 
confidence and support
– support, s, probability that a transaction 

contains {{XX  aanndd  YY}}
– confidence, c, ccoonnddiittiioonnaall  pprroobbaabbiilliittyy  

that a transaction having XX also 
contains YY

Let minimum support 50%, and 
minimum confidence 50%, we have
n A à C  (50%, 66.6%)

n C à A  (50%, 100%)

CCuussttoommeerr
bbuuyyss  ddiiaappeerr

CCuussttoommeerr
bbuuyyss  bbootthh

CCuussttoommeerr
bbuuyyss  bbeeeerr

TID Items

100 A,B,C

200 A,C

300 A,D

400 B,E,F



TID date items_bought
100 10/10/99 {F,A,D,B}
200 15/10/99 {D,A,C,E,B}
300 19/10/99 {C,A,B,E}
400 20/10/99 {B,D}

What is the ssuuppppoorrtt and ccoonnffiiddeennccee  of the rule: {B,D} à {A}
a) support = 75%, confidence = 66.6%
b) support = 50%, confidence = 66.6%
c) support = 50%, confidence = 75%

CLICKER - HTTPS://CLICKER.CSAIL.MIT.EDU/6.S080/



TID date items_bought
100 10/10/99 {F,A,D,B}
200 15/10/99 {D,A,C,E,B}
300 19/10/99 {C,A,B,E}
400 20/10/99 {B,D}

What is the ssuuppppoorrtt and ccoonnffiiddeennccee  of the rule: 
{B,D} à {A}

p Support:
n percentage of tuples that contain {A,B,D} =

p Confidence:

=
D}{B,contain  that  tuplesofnumber 

D}B,{A,contain  that  tuplesofnumber 

50%

66.6%

CLICKER - HTTPS://CLICKER.CSAIL.MIT.EDU/6.S080/



Association-rule mining task

Two-step approach: 
– Frequent Itemset Generation

– Generate all itemsets whose support >= minsup

– Rule Generation
– Generate high confidence rules from each frequent 

itemset, where each rule is a binary partition of a 
frequent itemset



Rule Generation for Apriori 
Algorithm

ABCD=>{ }

BCD=>A ACD=>B ABD=>C ABC=>D

BC=>ADBD=>ACCD=>AB AD=>BC AC=>BD AB=>CD

D=>ABC C=>ABD B=>ACD A=>BCD

Lattice of rules
ABCD=>{ }

BCD=>A ACD=>B ABD=>C ABC=>D

BC=>ADBD=>ACCD=>AB AD=>BC AC=>BD AB=>CD

D=>ABC C=>ABD B=>ACD A=>BCD
Pruned 
Rules

Low 
Confidence 
Rule



Apriori algorithm for rule 
generation

• Candidate rule is generated by merging two 
rules that share the same prefix
in the rule consequent

• jjooiinn((CCDDààAABB,,BBDD——>>AACC))
would produce the candidate
rule DD  ààAABBCC

• PPrruunnee rule DDààAABBCC  if there exists a
subset (e.g., AADDààBBCC) that does not have
high confidence

CCDDààAABB BBDDààAACC

DDààAABBCC


